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Y {‖AY − b‖22 + λ2‖Y ‖22} ,
»|©LŁ¾
XZ]\pl]jlXZ]ps]qnZu{plru³\jlruy{m.{ps{[^]
jl]\p
λ
qy{mvjlpsy{¹i jsXZ]¤]\rªXvjy¯¥mZy{ps[ ‖Y ‖2 pl]\ujlru£{]2jsy[^rumZru[®ru³\°
jlruy{m.y{¯MjlXZ]2ps]\ilr¹hnmZy{ps[ ‖AY − b‖2 ·WﬁX]ah]q]\]\pxrumilrªXj rumvjlyjsXZ]2Zpsy{5]qpljlru]\i y¯MjlXZ]~Wﬁrª§EXZymZy*£
ily{unhjlruy{mi
Yλ
ilXZy*¤2i¦jlX*j
Yλ =
N∑
i=1
σ2i
σ2i + λ
2
uTi b
σi
vi ,
»|©*¾
jlX]tvnmvjsr±jsrª]Li
Ti =
σ2
i
σ2
i
+λ2
ps]xq{ªu]\~jsXZ]ﬁWﬁrª§EXZymZy*£M9ªjl]\pH¯ÕIjsy{p!iq¬¤XZr¹!XS
ymvjlpsy{*jsXZ]¦[^ZrumZ2y¯
jlX]rumhru£EruhnZeE¼½ qy{[^5y{mZ]\mj!iHy{¯ZjlX]¦ily{unhjlruy{m
Yλ
·:eE]L
r¹uªg*¤XZ]qm
σi >> λ
»
i
ruiqy{[^p!Àª]
il[^{ª ¾IWﬁru§vXy{mZy*£ 9±js]qp¯ÕIjsy{p!i
Ti =
σ2
i
σ2
i
+λ2
≈ 1 #jlXEnir±jZyv]LimZy{jlXZrumZµ¯²ypjlXZ]Bªy*¤¯²pl]Ltn]qmvj

y[^ymZ]qmvjsi\ﬁ¤XZruª]Ë¤XZ]qm
σi << λ
»
i
r¹iBqy{[^p!Àª]µ¹ps{]¬¾IﬁWﬁrª§EXZymZy*£ 9ªjl]\pV¯ÕIjlypsi
Ti =
σ2
i
σ2
i
+λ2
≈ σ2i
λ2
¤XZru!X¿XZ]\ªi®jsy Z[^=jlXZ]¶qyv]V
ru]qmvjsi®y¯~ui|jBeE¼~½
y[^ymZ]qmvjsi¯²yp^jlXZ]%XZru{X
¯²ps]\tvnZ]qmvj2
y[^ymZ]qmvjsi\·
  XZruª]rumZpsIjsruq]{h¤¦]nik]~jsXZ]¯²y{uªy*¤rumZ®mZy{ps[.K]Ltn*jlruy{mi]LtvnZrª£*{ª]\mjjsy®jlXZ]V»k©\Ł{¾ A
(AT A + λ2I)Y = AT b ,
»|©L¾
¤XZ]\m[^jlpsr±­
A
r¹iPilgE[^[®]qjlpsru m05yilr±jsrª£] h]ﬁ9mZrªjl]{SjlXZ]\pl] ]
­hruikjsiPm ªjl]\plm*jlru£{]¯²ypl[ y¯
Wﬁru§vXy{mZy*£.ps]qnZu{plru³\jlruy{m&A
(A + λI)Y = b , λ ≥ 0 , »k©\¾
mVjsXZ]pl]\{nZ¹psru³q]\@ikyªnZjlruy{mruirª£]qm@Àvg
Yλ =
N∑
i=1
wTi b
σi + λ
wi =
N∑
i=1
σi
σi + λ
wTi b
σi
wi ,
»7{¾
mZy{jl]~jlXj¯²y{pﬁjsXZ]ikgE[^[^]
jsplr¹~[^jlpsr±­K
wi = ui = vi
·
$&%'$&% 

Ä
*h71
È98 ﬂ Ä

+
È
É¥
Ê
yp2jspl]L*jlrumZV¹ps{]q°Áisq{ª]Zpsy{Àª]\[^i\¤X]qps]jlXZ]®hrupl]LIj~qy{[^Znhj!*jsrªymi2rumE£{y{u£{]L%
y{[^ZnZjlrumZ@eE¼~½
À5]\
y[^]aZpsy{XZruÀZrªjlru£{]·
¢
js]qp!*jsrªym.[®]qjlXZyhZi\Eªru§{]jlX]
¹{isilru \Hmh¤]\À]\p  i [^]qjlXZyhZiﬁmV
ym*z|nZjl]
{p!{Zrª]\mjx»
	¾Â{ªy{psr±jsXZ[%qX¬£]:À]\]qm¤r¹h]qugnik]L~¯²y{pÂjsXZr¹iÂZpsy{ÀZu]q[%·
¢
mjlXZ]Lik] [^]qjlXZyhZi\¬r±js]qp!*jlruy{m
mEnZ[SÀ5]qp
k
Z¹¬ghijlXZ]psy{u]y¯HjsXZ]ps]q{nu{plru³\jlruy{mBp![^]
js]qpL·
CED `FCHG
 
	
ﬁﬀﬂﬃ  !"$#$%&('*)+,!ﬂ.-/0!1ﬂ
ﬁ&2' 
2myjlX]qprªmvjl]\pl]\psikjlrumZ=ruh]L r¹i@jly¿nil] psgEªy*£ il{q]P[^]
jsXZyhZiq· \Â]
j%[.*jsplrª­
M
h]\mZyjs]
Zps]\qy{mhrªjlruy{m]qpLjsXvni
M−1A ≈ I {m M−1(b − AY ) ≈ e ·WﬁXZ]®r±js]qp!*jlruy{mËqmPÀ]^
ymi|jsplnIjl]L
ÀEg
Y (K+1) = Y (K) + M−1(b−AY (K)) , »7Z©L¾
mBrªj2rui2]\{ilruªg.jsX*j¤¦]y{Àhj!rumBjsXZ]¯²y{uuy*¤rªmZ®]qpspsy{pﬁpl]\ujlruy{m&A
e(K+1) = (I −M−1A)Ke(0) , »7{¾

 
	
¦  
ﬁﬀ +-! #

 	Ë ﬂq! #"%$ (*
 "	 	Ë  5 @&Â H¥65x #
  /01q2$'& ! #"	 qﬁ /´		S$'

 ¥ﬁ¥
¦	 #q 
 ]{ru£{]j|¤y~ª]\£{]\hruh]Lhps]qnZu{plru³q]L
yplps]\
jlruy{m®u{y{psrªjlXZ[.i\
Y ′

Z ′
{m
L′
[^]
jsXZyhZiq{¯²y{p:~ªrumZ]Lp
qik]Sº¶ikX{]^ps]\qy{mikjlpsnIjsrªym¶Zpsy{ÀZu]q[{mBmZymZurªmZ]Lpqik]SºµrªmE£{]\psil]ilX{]®jl]Li|jZpsy{Àª]\[¸rªm
jlX]mZ]
­Ejail]\IjsrªymÂ·
?>A@ B?HN T  T DKV!FU FIJADKﬀﬃUID! 
YTC
γ
A
y(x) 
j!ps{]qj7A
y¯(x)
J(γ) =
∫
γ
1
2
(y(x)− y¯(x))2dx , »7{¾
y{p
J(Y ) =
∫
γ
1
2
(BN (t)
T (Y − Y¯ ))2NBN−1(t)T ∆X0dt . »7"^v¾
Ê
ypﬁjlXZ]nmZr±¯²ypl[qik]h¤]§EmZy*¤ jlXj
x0(t)′ = NBN−1(t)
T ∆X0 = 1
ily^¤]y{mªg@mZ]q]LBjsy.qps]
À5y{nZj
J(Y ) =
∫
γ
1
2
(BN (t)
T (Y − Y¯ ))2dt . »7 "{¾
}mjsXZ]S9mZ]ﬁª]\£{]\5»Õrªm®y{nZp¥]
­h5]qpsrª[^]\mjL*¤]ﬁ!XZyEyil]
N = 8
¾I*¤¦]¦{ªps]\hg§EmZy*¤jlXj#jsXZ]ﬁp![^]qjlpsru
{p!{Zrª]\mjﬁr¹iªrumZ]Lp»²rumµ½¦e
¢
½
¢
m%b¶½  i2]\pl£Eruy{ni¦¤¦y{ps§h¾ A
J ′(Y ) = AY − b , »7Łv¾
XZ]\pl]~jlX][^jlpsr±­
A =
∫ 1
0
BN (t)BN (t)
T dt = { 1
2N + 1
CiNC
j
N
Ci+j2N
} . »7v¾
``ba"cIdefg
©\   ﬃ
		G 
mVjsXZ]plru{Xvj2ilruh]§EmZy*¤m@£{]LIjlyp
b = AY¯ .
»7{¾
¢ j r¹i il{[^]¯²ypxuEjlX]2[^]
jlXyEi:y{mjlXZ]M9mZ]u]q£{]\7jlXj rui\jsynik]ﬁjsXZ]ﬁ¯²y{uuy*¤rªmZquililru\hikjl]q]\]Li|jl°
h]L
]qmvj2rªjl]\psjlruy{m&A
Y j+1 = Y j − ρ(AY j − b) , »7{¾
XZ]\pl]
j = 0, 1, 2, · · ·  Y 0 r¹iP{ru£{]\mﬃrªmr±jsru{¦nZ]\isi\ m ¤¦]@ililnZ[^]@j j = K ¤]y{ÀZjsrum jsXZ]
£*unZ]\i
Y K
y{m 9mZ]Su]q£]qNKm%y@hy*¤m%jsy@
yvp!ik]u]q£]q#jly@[^{§{]Sily{[^]Sqy{pspl]LIjsrªymi2ilyVjlX*jajsXZ]
Zply¬­hru[.*jlruy{mi®\m´qy{mE£{]\pl]B¯Õi|js]qp.jsXm¿jlX]PikrumZª]¶p![^]
js]qpsrª³L*jlruy{m¿Zplyv{!XÂ· Ê y{pVynZp
mugEilr¹iqE¤¦]\mµh]L
y{[^5yil]ajsXZ][.*jsplrª­
A
rumjsy
A = WΣNW
T =
N∑
i=1
wiσiw
T
i ,
»Õ¾
¢
m@jlXZ]hr¹y{m{[.*jsplrª­
ΣN
hps]\55yilr±jsrª£]~]\rª]qmE£*unZ]\i¦ps]psps{mZ{]L^rªm
É
Ä
 {
Ä
Z 1
8 È
*É
Ä

jly
§{]\]q%
ymikr¹ikjl]qm
]¤r±jsXjlXZ]\y{psgVy¯¥pl]\{nZ¹psrª³L*jsrªymiq·
¢
¯Â¤¦]:z|nikj]q[^Zuy*g®r±js]qp!*jlruy{mi2»7{¾:¤X]qm
N
r¹ixtvnZrªjl]u{pl]{jsXZ]ily{unhjsrªymi u]\®jlySyvilqrªu¹*jlruy{miq·
W#y@
npl]jsXZ]®rªu±° 
ymhrªjlruy{mi\5¤]®qmµnik]SjlXZ]^ªjl]\plmjlru£{]¯²ypl[y¯xWﬁru§EXZy{my*£@ps]qnZu{plru³\jlruy{m »|©L{¾

ymilruh]\plrumZjlXZ][.jlpsr±­
A
r¹iu¤ﬁ¬gEiﬁilgE[®[^]qjlpsrum@5yilrªjlru£{]h]ﬂ9mZr±js]
(A + λI)Y = b , λ ≥ 0 , »7Z©L¾
mVjsXZ]pl]\{nZ¹psru³q]\@ikyªnZjlruy{mruirª£]qm@Àvg
Yλ =
N∑
i=1
wTi b
σi + λ
wi =
N∑
i=1
σi
σi + λ
wTi b
σi
wi .
»Õv{¾
?> =   JYU VFD N UWV T<T.RT  D UIUIT FIJADKﬀ T FHD O
¢
m%y{nZp]q­h]\plru]qmq]{h¤¦]!XZyEyil]
n = 4
y{m@jlX]
y{psil]
jﬁu]q£{]\#A
J(Y ′) =
∫
γ
1
2
(BN (t)
T (YK + E
N
n Y
′ − Y¯ ))2dt . »Õ¾
\Â]qj
Y = ENn Y
′ + YK − Y¯ ZjsXZ]qm%¤¦]q{m]L{ilrªugVyÀhjs{rªmjlX]¯²y{uªy*¤rumZ^mZ]q¤ [.*jsplrª­@]Ltn*jlruy{m
¯²y{p2qy{psil]u]q£]qÂqy{pspl]LIjlruy{mi A
AcyY
′ = bcy ,
»Õ^v¾
XZ]\pl]~jlX]
yE] V
ru]qmvj[.*jsplrª­
Acy = (E
N
n )
T (A + λI)ENn ,
»Õ "{¾
CED `FCHG
 
	
ﬁﬀﬂﬃ  !"$#$%&('*)+,!ﬂ.-/0!1ﬂ
ﬁ&2' ©{©
mVjsXZ]plru{Xvj2ilruh]£]\
jly{p
bcy = (E
N
n )
T (A + λI)(−Y K + Y¯ ) = (ENn )T (b− (A + λI)Y K) .
»ÕŁ¾
 ]Pq{m ily{u£{]jsXZ]µ¯²y{uuy*¤rªmZ rªjl]\psjlruy{m y{m¿jsXZ]P
yvp!ik]%u]q£]q¯²ypB
yplps]\
jlruy{m¿Àvg=rªmr±jsru{ªru³qrumZ
Y ′0 = 0
A
Y ′j+1 = Y ′j − ρ(AcyY ′j − bcy) , »ÕE¾
jlX]qm%¤]\m%nZMZ*js]Àvg
Y K + ENn Y
′ ymBjsXZ]*9mZ]u]q£]qN·:WHyVil]\]\@nZjlXZ]p!*js]y¯:
y{mE£]qps{]qm
]{
¤¦]\mnil]À5]
jljl]\pjl]L!XZmZr¹tn]aºBW¥!XZ]qÀEgh!XZ]\£.r±js]qp!*jlruy{mi¨ ¬«#y{m@jlXZ]*9m]ª]\£{]qNhrN· ]·ªZrªjX{i¦jsXZps]q]
ikjl]qi¦¯²y{p]\!Xqgh
u] A
Y j1 = Y j0 − τ1(AY j0 − b) ,
Y j2 = Y j1 − τ2(AY j1 − b) ,
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For the method of Y
 
 
λ = 0, bezier curve
λ = 0, control polygon
λ = .0005, bezier curve
λ = .0005, control polygon
λ = .001, bezier curve
λ = .001, control polygon
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